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We investigate laser cooling of an ensemble of atoms in an optical cavity. We demonstrate that when atomic
dipoles are sychronized in the regime of steady-state superradiance, the motion of the atoms may be subject
to a giant frictional force leading to potentially very low temperatures. The ultimate temperature limits are
determined by a modified atomic linewidth, which can be orders of magnitude smaller than the cavity linewidth.
The cooling rate is enhanced by the superradiant emission into the cavity mode allowing reasonable cooling
rates even for dipolar transitions with ultranarrow linewidth.
PACS numbers: 37.10.Vz, 42.50.Nn, 37.30.+i, 03.65.Sq
The discovery of laser cooling [1] has enabled a new world
of quantum gas physics and quantum state engineering in di-
lute atomic systems [2]. Laser cooling is an essential tech-
nology in many fields, including precision measurements,
quantum optics, and quantum information processing [3–5].
Doppler cooling [6, 7] is perhaps the most elementary kind of
laser cooling and relies on repeated cycles of electronic ex-
citation by lasers followed by spontaneous relaxation. The
temperatures that can be achieved in this way are limited by
the atomic linewidth. Only specific ionic and atomic species
can be Doppler cooled because they typically should possess
an internal level structure that allows for closed cycling tran-
sitions.
Cavity-assisted laser cooling [8, 9] utilizes the decay of an
optical resonator instead of atomic spontaneous emission as
the energy dissipation mechanism. It is based on the pref-
erential coherent scattering of laser photons into an optical
cavity [10, 11], rather than absorption of free-space laser
photons as in conventional Doppler cooling. Temperatures
that can be achieved in cavity-assisted cooling are limited
by the cavity linewidth. Since the particle properties en-
ter only through the coherent scattering amplitude, cavity-
assisted cooling promises to be applicable to any polarizable
object [12–20], including molecules [17, 18] and even meso-
scopic systems such as nanoparticles [19, 20].
The many-atom effects of cavity-assisted cooling were the-
oretically discussed by Ritsch and collaborators [21] and ex-
perimentally reported in Refs. [22, 23]. The cavity-mediated
atom-atom coupling typically leads to a cooling rate that is
faster for an atomic ensemble than for a single atom. Above a
threshold of the pump laser, self-organization may occur and
is observed as patterns in the atomic distribution that maxi-
mize the cooperative scattering. Recently, it has been shown
that the long-range nature of the cavity-mediated interaction
between atoms gives rise to interesting prethermalization be-
havior in the self-organization dynamics [24]. In spite of the
intrinsic many-body nature, the underlying cooling mecha-
nism shares much with the single-atom case, and indeed the
final temperature observed in these systems is limited by the
cavity linewidth.
In this paper, we demonstrate that the mechanical action of
the atom-cavity coupling takes on a dramatically new charac-
ter for atoms in the regime of steady-state superradiance [25–
30]. Specifically, the frictional force on a single atom is sig-
nificantly enhanced, and the final temperature is much lower
than the temperature that can be achieved in cavity-assisted
cooling [10, 11]. Furthermore, as the atom number increases,
the cooling may become faster due to the increasing rate of su-
perradiant collective emission. We show that ability to achieve
much lower temperatures than for single-atom cavity-assisted
cooling derives from the emergence of atom-atom dipole cor-
relations in the many-body atomic ensemble.
Steady-state superradiant lasers were proposed in Ref. [25]
as possible systems for generating millihertz linewidth light,
and demonstrated in a recent experiment using a two-photon
Raman transition [27]. In the regime of steady-state super-
radiance, the cavity decay is much faster than all other pro-
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FIG. 1: (color online) Atoms with ultranarrow transition
∣∣∣g〉 ↔ ∣∣∣e〉
are confined to the axis of a standing-wave mode of an optical cavity.
Different implementations of pumping may be considered [25, 27].
In the simplest scenario shown, a transition is driven from the ground
state |g〉 to an auxiliary state |a〉 that rapidly decays to the excited
state |e〉. In this way |a〉 can be adiabatically eliminated and a two-
state pseudospin description in the {|g〉, |e〉} subspace used, with re-
pumping corresponding to an effective rate w from |g〉 to |e〉. If the
repumping laser is directed normal to the cavity axis, the absorption
does not modify the momentum. Momentum recoil is induced by
the on-axis component of the wavevector ~k′ of the dipole radiation
pattern for the |a〉 ↔ |e〉 transition.
2cesses. Therefore, the cavity mode plays the role of a dissi-
pative collective coupling for the atoms that leads to the syn-
chronization of atomic dipoles [29, 30]. The emergence of
a macroscopic collective dipole induces an extremely narrow
linewidth for the generated light [25, 30]. The optimal param-
eters are in the weak-coupling regime of cavity QED [31], that
is opposite to the strong-coupling situation usually considered
in cavity-assisted cooling [8, 9]. Superradiant lasers require
weak-dipole atoms (e.g. using intercombination lines or other
forbidden transitions) confined in a high-finesse optical cavity.
With this background, we now consider a specific situ-
ation of an ensemble of N point-like two-level atoms with
transition frequency ωa and natural linewidth γ, interacting
with a single-mode cavity with resonance frequency ωc and
linewidth κ, as shown in Fig. 1. The atoms are restricted to
move freely along the direction of the cavity axis (x-axis), a
situation that can be realized by tightly confining the atoms in
the other two directions. The atom-cavity coupling strength is
given by g cos(kx), where g is the vacuum Rabi frequency at
the field maximum and cos(kx) describes the one-dimensional
cavity mode function. The atoms are incoherently repumped
at rate w, thus providing the source of photons.
The Hamiltonian describing the atom-cavity system in the
rotating frame of the atomic transition frequency is given by,
ˆH = ~∆aˆ†aˆ +
N∑
j=1
pˆ2j
2m
+ ~
g
2
N∑
j=1
(aˆ†σˆ−j + σˆ+j aˆ) cos(kxˆ j) , (1)
where ∆ = ωc − ωa. We have introduced the bosonic anni-
hilation and creation operators, aˆ and aˆ†, for cavity photons.
The j-th atom is represented by Pauli pseudospin operators,
σˆzj and σˆ−j = (σˆ+j )†, and position and momentum xˆ j and pˆ j,
respectively.
In the presence of dissipation, the evolution of the system
is described by the Born-Markov quantum master equation for
the density matrix ρˆ for the cavity and atoms,
d
dt ρˆ =
1
i~
[
ˆH, ρˆ
]
+ κL[aˆ]ρ + w
N∑
j=1
∫ 1
−1
duN(u)L[σˆ+j eiuk
′ xˆ j]ρ ,
(2)
where L[ ˆO]ρˆ = (2 ˆOρˆ ˆO† − ˆO† ˆOρˆ − ρˆ ˆO† ˆO)/2 is the Linbladian
superoperator describing the incoherent processes. The term
proportional to κ describes the cavity decay. The repumping
is the term proportional to w and is modeled by spontaneous
absorption with recoil [32]. The recoil is parametrized by
the normalized emission pattern N(u) and wavevector k′. It
will generally be a good approximation to neglect the effect
of free-space spontaneous emission of the atoms out the side
of the cavity, since the natural linewidth γ is assumed to be ex-
tremely small for atoms with an ultraweak-dipole transition.
In the parameter regime of interest, the cavity linewidth is
much larger than other system frequencies, and the cavity field
can be adiabatically eliminated, resulting in the phase locking
of the cavity field to the collective atomic dipole [26, 29, 30].
In order to correctly encapsulate the cavity cooling mecha-
nism, the adiabatic elimination of the cavity field has to be ex-
panded beyond the leading order. Specifically, the retardation
effects between the cavity field and atomic variables should be
included. As shown in the Supplemental Material [33], in the
large κ limit [34],
aˆ(t) ≈ −i
g
2
ˆJ−
κ/2 + i∆
+
d
dt (i g2 ˆJ−)
(κ/2 + i∆)2 −
2i
√
ΓC
g
ˆξ(t) + O[κ−3] , (3)
where ˆJ− =
∑N
j=1 σˆ
−
j cos(kxˆ j) is the collective dipole operator,
ΓC = g2κ/4(κ2/4+∆2) is the atomic spontaneous emission rate
through the cavity, and ˆξ(t) is the quantum noise originating
from the vacuum field entering through the cavity output.
The dipole force on the j-th atom is given by the gradient
of the potential energy, which takes the form
F j =
d
dt pˆ j = −∇ j
ˆH =
1
2
~kg sin(kxˆ j)
(
σˆ+j aˆ + aˆ
†σˆ−j
)
. (4)
We maximize the single-atom dissipative force by working at
the detuning ∆ = κ/2 [33], and in that case by substituting
Eq. (5) into Eq. (4) we find
d
dt pˆ j ≈ −
1
2
~kΓC sin(kxˆ j)
(
(1 + i)σˆ+j ˆJ− + (1 − i) ˆJ+σˆ−j
)
− 12ηΓC sin(kxˆ j)
N∑
l=1
(σˆ+j σˆ−l + σˆ+l σˆ−j )
1
2[sin(kxˆl), pˆl]+ +
ˆN j .
(5)
Here the anticommutator is [ ˆA, ˆB]+ = ˆA ˆB + ˆB ˆA. We have
also defined η = 4ωr/κ, which characterizes the likelihood
of a photon emission into the cavity mode in the direction
of motion versus the opposite, in terms of the atomic recoil
frequency ωr = ~k2/2m. The three terms on the right hand
side of Eq. (11) can be interpreted as the conservative force,
the friction, and the noise-induced momentum fluctuations,
respectively.
At temperatures much greater than the recoil temperature
the motion is well described by a semiclassical treatment. A
systematic semiclassical approximation, to make the mapping
〈xˆ j〉 → x j and 〈pˆ j〉 → p j where x j and p j are classical vari-
ables, is based on the symmetric ordering of operator expec-
tation values. In order to accurately incorporate the effects
of quantum noise, we match the equations of motion for the
second-order moments of momenta between the quantum and
semiclassical theories so that we obtain the correct momentum
diffusion [33]. This procedure yields Ito stochastic equations,
d
dt p j ≈~kΓC sin(kx j)
(
Im[〈σˆ+j ˆJ−〉] − Re[〈σˆ+j ˆJ−〉]
)
− ηΓC sin(kx j)
N∑
l=1
Re[〈σˆ+j σˆ−l 〉] sin(kxl)pl + ξpj ,
(6)
where ξpj is the classical noise and 〈ξ
p
j (t)ξpl (t′)〉 = D jlδ(t − t′)
with diffusion matrix
D jl = ~2k2ΓC sin(kx j) sin(kxl)Re[〈σˆ+l σˆ−j 〉]
+ ~
2k′2wu2〈σˆ−j σˆ+l 〉δ jl ,
(7)
3involving the geometrical average u2 ≡
∫ 1
−1 u
2N(u) du and
Kronecker delta δ jl. The momentum evolution is paired with
the usual equation for x j
d
dt x j =
p j
m
. (8)
To begin with, we first consider the case in which the ef-
fect of recoil associated with the repumping is neglected, i.e.
we set k′ = 0. This will determine the ultimate temperature
limit imposed by the vacuum noise due to the cavity output.
For the simple one-atom case, we can then directly find the
friction (α) and diffusion (D) coefficient from Eq. (14) and
Eq. (7). The steady-state temperature T for the single atom
(labeled by 1) is
kBT =
〈p21〉
m
=
D
2mα
=
~κ
4
, (9)
since
D = ~2k2ΓC sin2(kx1)〈σˆ+1 σˆ−1 〉 ,
α = ηΓC sin2(kx1)〈σˆ+1 σˆ−1 〉 . (10)
Note that this is precisely the same temperature limit previ-
ously found in the cavity-assisted cooling case where the sys-
tem is operating in the strong coupling cavity-QED region.
Here the rate of the decay into the cavity mode is propor-
tional to ΓC〈σˆ+1 σˆ−1 〉, which is applicable to the weak coupling
regime of cavity QED [31]. In Fig. 2(a), we show a numer-
ical simulation of the cooling trajectory of a single atom as
a function of time. As expected, the final temperature kBT
asymptotes to ~κ/4 and the cooling rate is well approximated
by RS = ηΓC〈σˆ+1 σˆ−1 〉.
The cooling in the many-atom case exhibits a distinctly dif-
ferent character. A feature of this model is the pseudospin-to-
motion coupling of the atoms. In order to close the evolution
equations of the atomic motion as described by Eq. (14) and
Eq. (8), it is also necessary to solve for the dynamics of the
pseudospins. For this purpose, we derive in the Supplemental
Material [33] the effective quantum master equation for the
pseudospins,
d
dt ρˆ =
1
i~
[ ˆHeff, ρˆ]+ΓCL[ ˆJ−]ρˆ+w
N∑
j=1
∫ 1
−1
duN(u)L[σˆ+j eiuk
′ xˆ j ]ρ ,
(11)
where the effective Hamiltonian ˆHeff = −~ΓC ˆJ+ ˆJ−/2 de-
scribes the coherent coupling between atoms, and the collec-
tive decay [term proportional to ΓC in Eq. (11)] leads to dis-
sipative coupling. It is the dissipative coupling that gives rise
to dipole synchronization and steady-state superradiance [25–
30]. The full pseudospin Hilbert space dimension scales expo-
nentially with the number of atoms. To solve Eq. (11), we thus
employ a cumulant approximation that is applicable to large
atom numbers [26, 29, 30]. All nonzero observables are ex-
panded in terms of 〈σˆ+j σˆ−j 〉 and 〈σˆ+j σˆ−l 〉 ( j , l), describing the
population inversion and spin-spin correlations respectively.
FIG. 2: (color online) Time evolution of the average momentum
square (red dots) evaluated from 4000 trajectories simulated by in-
tegrating Eqs. (14) and (8) for 1 atom (a), 20 atoms (b), and 60
atoms (c). The blue solid line is a fit to an exponential decay. The
parameters are ∆ = κ/2 = 100, ΓC = 0.1, and ωr = 0.25. The re-
pumping rates are chosen such that the average atomic population
inversion in all cases is the same [w = 0.15 (a), 0.28 (b), 1.3 (c)].
Insets show the momentum statistics. The blue solid line is a fit to a
Gaussian distribution.
Their equations of motion are derived in the Supplemental
Material [33].
Simulations of the cooling dynamics for many atoms are
shown in Figs. 2(b) and (c). Remarkably, we find the col-
lective atomic effects to lead to a more rapid cooling rate, and
simultaneously to generate a lower final temperature. Figure 3
shows the cooling rate (a) and the final momentum width (b)
as a function of the atom number. We note that the cooling
rate exhibits two kinds of behaviour, hinting towards the exis-
tence of a N-dependent threshold, see Fig. 3(a). For N . 20,
the cooling rate is independent of N, while for N & 20, it in-
creases monotonously. Correspondingly, in this regime, the
momentum width has reached a minimum which is indepen-
dent of N, see Fig. 3(b). Note that when the final temperature
gets closer to the recoil temperature, the momentum distribu-
tion is not Gaussian anymore, rendering the notion of temper-
ature invalid. The semiclassical treatment predicts a uniform
4FIG. 3: (color online) (a) Cooling rate (in units of the single atom
cooling rate RS) as a function of atom number. (b) Final momentum
width (∆p =
√
〈p2〉, blue squares) and spin-spin correlation (red
dots) as a function of atom number. The parameters are the same as
those in Fig. 2.
distribution in the momentum interval [−~k,~k] corresponding
to the recoil limit, as shown in the inset of Fig. 2(c). These
results demonstrate that for atoms in the steady-state super-
radiant regime, not only is the cooling more efficient due to
the rapid rate of superradiant light emission, but also the final
temperature is determined by the relaxation rate of the atomic
dipole, and not the cavity linewidth.
The principal new feature here is that spin-spin correlations
between atoms develop due to the cavity-mediated coupling.
In order to measure the extent of this effect, we introduce
〈σˆ+σˆ−〉E defined as averaged spin-spin correlations,
〈σˆ+σˆ−〉E =
〈 ˆJ+ ˆJ−〉 −
N∑
j=1
〈σˆ+j σˆ−j 〉 cos2(kx j)
 /[N(N − 1)] .
(12)
Fig. 3(b) shows 〈σˆ+σˆ−〉E as a function of the number of
atoms. The equilibrium temperature is seen to decrease as
the collective spin-spin correlation emerges. This is reminis-
cent of the linewidth of the superradiant laser, where the syn-
chronization of spins leads to a significant reduction of the
linewidth to the order of ΓC [25, 30]. The establishment of
spin-spin correlations is a competition between dephasing due
to both cavity output noise and repumping, and the dissipa-
tive coupling between atoms which tends to synchronize the
dipoles [30]. Since the coupling strength scales with N, a suf-
ficient atom number is required to establish strong spin-spin
correlations [30].
Further characterizing the ultimate temperature limits,
Fig. 4(a) shows the final momentum width as a function of ΓC .
We see that as ΓC is decreased, the final temperature reduces in
proportion to ΓC until it hits the recoil limit. This effect is con-
sistent with a significantly increased friction coefficient pro-
FIG. 4: (color online) (a) Final momentum width as a function of ΓC
for 40 atoms. The parameters are ∆ = κ/2 = 200, w = NΓC/4, and
ωr = 0.25. (b) Final momentum width as a function of repumping
strength for 40 atoms without (k′ = 0, blue squares) and with recoil
associated with repumping (k′ = k, red dots). The parameters are
∆ = κ/2 = 200, ΓC = 0.5, and ωr = 0.25.
viding a reduction of the order of the final temperature from
the one to many atom case from κ to ΓC .
So far our discussion has neglected the recoil associated
with repumping. We have done that because its effect on the
final temperature will depend crucially on specifics of its im-
plementation, including factors such as the polarizations and
directions of repump lasers, the atomic system, and the transi-
tions used. However, in the specific repumping model shown
in Fig. 1, the magnitude of k′ controls the recoil effect of the
repumping on the momentum diffusion. Fig. 4(b) shows the
final momentum width as a function of repumping for k′ = 0
and k′ = k. Again, in the region of small and large repumping,
where spin-spin correlations are very small, the final temper-
ature is high. When the recoil due to repumping is included,
the final temperature becomes higher and is eventually deter-
mined by wu2. However for weak repumping, with w not sig-
nificantly larger then ΓC it is still possible to achieve temper-
atures not much higher than that predicted when pump recoil
was neglected. This is especially promising for the imple-
mentation of supercooling in realistic experimental systems.
Note that k = k′ is more or less a worst case senerio, since by
using a dipole allowed transition for the relaxation from the
auxiliary state to the excited state, one could in principle use
a much reduced frequency with correspondingly small recoil.
In conclusion, we have presented a theoretical proposal for
supercooling atoms in one-dimension along the axis of an op-
tical cavity. The superradiant emission was observed to lead
to an increased cooling rate and to a potentially extremely low
final temperature. The ultimate temperatures were seen to be
constrained by the relaxation of the atomic dipole, and could
be orders of magnitude less than the limits for single atom
5cooling that are constrained by the cavity linewidth. This sys-
tem is an example of many-body laser cooling in which all
motional degrees of freedom of a collective system are simul-
taneously cooled and in which macroscopic spin-spin corre-
lations are essential and must develop for the cooling mech-
anism to work. It will be necessary to consider extensions
to understand how cooling in all three dimensions may be
achieved, and to consider realistic models for real atoms that
may involve elaborate repumping schemes.
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6Supplemental Material for
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I. ADIABATIC ELIMINATION OF THE CAVITY MODE
The regime of steady-state superradiance is defined by a timescale separation between the single cavity mode and the atomic
degrees of freedom. The typical relaxation time of the cavity mode is of the order of TC ∼ |κ + i∆|−1, while the one of the atoms
is given by TA ∼
(
max
{√
Nn¯g,w, k
√〈
p2
〉
/m
})−1
, where n¯ is the mean photon number in the cavity. In order to eliminate the
cavity field quasiadiabatically we need the relaxation time of the cavity to be much shorter than the timescale on which the atoms
are evolving, namely TA ≫ TC . To this end, we start with the quantum Langevin equation for the cavity field according to the
quantum master equation [Eq. (2) in the paper],
d
dt aˆ = −
κ
2
aˆ − i∆aˆ − i g
2
ˆJ− +
√
κ ˆξ(t) , (S1)
where ˆξ(t) is the quantum white noise and 〈 ˆξ(t) ˆξ†(t′)〉 = δ(t − t′). The formal solution to Eq. (S1) is
aˆ(t) = e−(κ/2+i∆)∆taˆ(t0) − i g2
∫
∆t
0
dse−(κ/2+i∆)s ˆJ−(t − s) + ˆF (t) , (S2)
where ˆF (t) = √κ
∫
∆t
0 dse
−(κ/2+i∆)s ˆξ(t − s) is the noise term and ∆t = t − t0. Under the approximation of coarse grain-
ing (TA ≫ ∆t ≫ TC), the first term on the right-hand side (RHS) of Eq. (S2) vanishes, and it can be shown that
〈 ˆF (t) ˆF †(t′)〉 ≈ e−κ|t′−t|/2−i∆(t−t′) ≈ κ
κ2/4 + ∆2
δ(t − t′) . (S3)
It would be convenient to choose ˆF (t) = −i
√
ΓC
g/2
ˆξ(t), with
ΓC =
g2κ/4
κ2/4 + ∆2
. (S4)
Furthermore, the integral in Eq. (S2) can be expanded in powers of 1/(κ/2 + i∆). As a result we obtain
aˆ(t) ≈ −i
g
2
ˆJ−
κ/2 + i∆
−
d
dt (−i g2 ˆJ−)
(κ/2 + i∆)2 +
ˆF (t) + O[(κ/2 + i∆)−3] . (S5)
As can be seen from Eq. (S5), the retardation effects between the cavity field and atomic variables are included.
II. EXTERNAL MOTION OF ATOMS
In this section we derive the force for the external degrees of freedom, including friction and noise. We will end up with
a classical description of the particles’ external degrees of freedom and derive a Langevin equation for the momenta of the
particles.
The force on the j-th atom ˆF j is given by
ˆF j =
d
dt pˆ j = ~k sin(kxˆ j)
g
2
(σˆ+j aˆ + aˆ†σˆ−j ) + ˆNpumpj , (S6)
where ˆNpumpj represents the random force due to recoil of the incoherent pumping process.
Substituting Eq. (S5) into the above equation , we have
d
dt pˆ j ≈ ~k sin(kxˆ j)
ΓC
2
(
−iσˆ+j ˆJ− + i ˆJ+σˆ−j
)
− ~k sin(kxˆ j)Γ∆2
N∑
l=1
cos(kxl)
(
σˆ+j σˆ
−
l + σˆ
+
l σˆ
−
j − β1σˆ+j
d
dt σˆ
−
l − β∗1
d
dt σˆ
+
l σˆ
−
j
)
− sin(kxˆ j)ΓC2
N∑
l=1
η
2
[
sin(kxˆl), pˆl]+ (σˆ+j σˆ−l + σˆ+l σˆ−j + β2σˆ+j σˆ−l + β∗2σˆ+l σˆ−j
)
+ ˆN j ,
(S7)
7where
[
ˆA, ˆB
]
+
= ˆA ˆB + ˆB ˆA is the anticommutator and the coefficients are
Γ∆ =
g2∆/2
κ2/4 + ∆2
, β1 =
κ
κ2/4 + ∆2
+ i
κ2/4 − ∆2
∆(κ2/4 + ∆2) , β2 = i
κ2/4 − ∆2
κ∆
, η =
4ωr∆
κ2/4 + ∆2
. (S8)
Here ˆN j = ˆNcavj + ˆN
pump
j is the sum of the noise processes originating from the cavity output ˆNcavj and repumping ˆN
pump
j .
In the first line of equation (S7) we neglect β1 because in the steady state superradiance regime it holds that |β1|〈σˆ+j ddt σˆ−l 〉 ∼
w
κ
〈σˆ+j σˆ−l 〉 ≪ 〈σˆ+j σˆ−l 〉. This has also been checked numerically. Therefore we get
d
dt pˆ j =
d
dt pˆ
0
j + ˆN j , (S9)
where we define the force without noise as
d
dt pˆ
0
j ≈ ~k sin(kxˆ j)
ΓC
2
(
−iσˆ+j ˆJ− + i ˆJ+σˆ−j
)
− ~k sin(kxˆ j)Γ∆2
N∑
l=1
cos(kxl)
(
σˆ+j σˆ
−
l + σˆ
+
l σˆ
−
j
)
− sin(kxˆ j)ΓC2
N∑
l=1
η
2
[
sin(kxˆl), pˆl]+ (σˆ+j σˆ−l + σˆ+l σˆ−j + β2σˆ+j σˆ−l + β∗2σˆ+l σˆ−j
)
.
(S10)
We work at the detuning ∆ = κ/2 so that η is maximized and β2 vanishes. As a result we obtain
d
dt pˆ
0
j ≈ ~k sin(kxˆ j)
ΓC
2
(
−iσˆ+j ˆJ− + i ˆJ+σˆ−j − σˆ+j ˆJ− − ˆJ+σˆ−j
)
− sin(kxˆ j)ΓC2
N∑
l=1
η
2
[
sin(kxˆl), pˆl]+ (σˆ+j σˆ−l + σˆ+l σˆ−j ) . (S11)
The first term on the RHS of Eq. (S11) represents forces originating from the adiabatic component of the cavity field, while
the second term represents the frictional force arising from retardation effects. The noise term ˆN j in equation (S9) gives rise to
momentum diffusion due to quantum noises associated with incoherent processes. So we derive the equations of motion for the
second moments of momenta,
d
dt
〈
pˆ j pˆl
〉
=
〈
pˆ0j
dpˆ0l
dt
〉
+
〈dpˆ0j
dt pˆ
0
l
〉
+ ΓC~
2k2〈sin(kxˆ j) sin(kxˆl)σˆ+j σˆ−l 〉 + wδ jl~2k′2u2〈σˆ−j σˆ+l 〉 , (S12)
where δ jl is the Kronecker delta, and u2 is the second moment of the dipole radiation pattern, i.e.,
u2 =
∫ 1
−1
duN(u)u2 = 25 , (S13)
where we have taken the dipole pattern N(u) = 32 |u|
√
1 − u2.
We treat the external atomic motion classically under the assumption that the momentum width of the particles
√〈
p2
〉
is larger
than the single photon recoil ~k. So we make the mapping 〈pˆ j〉 → p j and 〈xˆ j〉 → x j. As a result this leads to
d
dt p j =
d
dt p
0
j + ξ
p
j , (S14)
with
d
dt p
0
j = ~k sin(kx j)ΓC
(
Im[〈σˆ+j ˆJ−〉] − Re[〈σˆ+j ˆJ−〉]
)
− sin(kx j)ΓC
N∑
l=1
ηRe[〈σˆ+j σˆ−l 〉] sin(kxl)pl , (S15)
where ξpj is the classical noise acting on the momentum of j-th atom and 〈ξpj (t)ξpl (t′)〉 = D jlδ(t − t′). The diffusion matrix D jl
can be computed by making quantum-classical correspondence for the second moments. According to Eq. (S14),
d
dt 〈p j pl〉 =
〈
p0j
dp0l
dt
〉
+
〈dp0j
dt p
0
l
〉
+ D jl . (S16)
We use symmetric ordering of quantum operators for the quantum-classical correspondence, i.e., 12
〈[
pˆ j, dpˆldt
]
+
〉
→
〈
p j dpldt
〉
.
Matching Eq. (S12) and Eq. (S16), we get
D jl = ΓC~2k2 sin(kx j) sin(kxl)Re[〈σˆ+l σˆ−j 〉] + wδ jl~2k′2u2〈σˆ−j σˆ+l 〉 . (S17)
8Therefore, we could simulate the external motion of atoms with Eq. (S14) and the equation of motion for x j
d
dt x j =
p j
m
. (S18)
The classical noises ξpj with diffusion matrix D jl make sure that we have the right second order moments for momenta.
III. INTERNAL DYNAMICS OF ATOMS
For the complete simulation of the atomic variables we also need to derive an equation for the internal degrees of freedom.
In this section we will derive the equations of motions for the spins in which we drop third-order cumulants. For the internal
dynamics of atoms in a superradiant laser, it is sufficient to keep the first order term in Eq. (S5),
aˆ(t) ≈ −iΓC
g
ˆJ− − Γ∆
g
ˆJ− + ˆF (t) . (S19)
Here, retardation effects are not included because they give rise to corrections that are of higher order and their contribution is
negligible. This was also checked numerically. The adiabatic elimination of the cavity field leads to an effective quantum master
equation for the atomic spins only
d
dtρ =
1
i~
[ ˆHeff , ρ] + ΓCL[ ˆJ−]ρ + w
N∑
j=1
∫ 1
−1
duN(u)L[σˆ+j ei
~k′·~x j]ρ , (S20)
where the Hamiltonian ˆHeff = − ~Γ∆2 ˆJ+ ˆJ− describes the coherent coupling between each pair of atoms, and the collective decay
[term ΓCL[ ˆJ−] in Eq. (S20)] leads to dissipative coupling. We want to emphasize that this atomic master equation is not sufficient
for the external degrees of freedom, which are treated in section II separately, and for which retardation effects are not negligible.
The spin degrees of freedom of atoms scale exponentially with the number of atoms. To solve Eq. (S20), we thus use a
semiclassical approximation that is applicable to large atom numbers in the steady-state superradiance [S1, S2]. Cumulants for
the expectation values of spin operators are expanded to second order. Because of the U(1) symmetry, 〈σˆ±j 〉 = 0. Therefore, all
nonzero observables are expanded in terms of 〈σˆ+j σˆ−j 〉 and 〈σˆ+j σˆ−l 〉 ( j , l). Their equations of motion can then be found from
the effective master equation,
d
dt 〈σˆ
+
j σˆ
−
j 〉 = w(1 − 〈σˆ+j σˆ−j 〉) −
1
2
(ΓC + iΓ∆) cos(kxˆ j)〈 ˆJ+σˆ−j 〉 −
1
2
(ΓC − iΓ∆) cos(kxˆ j)〈σˆ+j ˆJ−〉,
d
dt 〈σˆ
+
j σˆ
−
l 〉 = −w〈σˆ+j σˆ−l 〉 +
1
2
(ΓC + iΓ∆) cos(kxˆ j)〈 ˆJ+σˆ−l σˆzj〉 +
1
2
(ΓC − iΓ∆) cos(kxˆl)〈σˆzl σˆ+j ˆJ−〉
≈ −
(
w + (ΓC + iΓ∆) cos2(kxˆ j)〈σˆ+j σˆ−j 〉 + (ΓC − iΓ∆) cos2(kxˆl)〈σˆ+l σˆ−l 〉
)
〈σˆ+j σˆ−l 〉
+
1
2
(ΓC + iΓ∆) cos(kxˆ j)(2〈σˆ+j σˆ−j 〉 − 1)〈 ˆJ+σˆ−l 〉 +
1
2
(ΓC − iΓ∆) cos(kxˆl)(2〈σˆ+l σˆ−l 〉 − 1)〈σˆ+j ˆJ−〉,
(S21)
describing the population inversion and spin-spin correlation respectively. In deriving Eq. (S21), we have dropped the third-order
cumulants. In the simulations we integrate (S14), (S18) and (S21) simultaneously.
[S1] D. Meiser and M. J. Holland, Phys. Rev. A 81, 033847 (2010); ibid. 81, 063827 (2010).
[S2] Minghui Xu, D. A. Tieri, E. C. Fine, J. K. Thompson, and M. J. Holland, Phys. Rev. Lett. 113, 154101 (2014).
